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Abstract—In contact-rich tasks, like dexterous manipulation,
the hybrid nature of making and breaking contact creates
challenges for model representation and control. For example,
choosing and sequencing contact locations for in-hand manip-
ulation, where there are thousands of potential hybrid modes,
is not generally tractable. In this paper, we are inspired by
the observation that far fewer modes are actually necessary to
accomplish many tasks. Building on our prior work learning
hybrid models, represented as linear complementarity systems,
we find a reduced-order hybrid model requiring only a limited
number of task-relevant modes. This simplified representation,
in combination with model predictive control, enables real-
time control yet is sufficient for achieving high performance.
We demonstrate the proposed method first on synthetic hybrid
systems, reducing the mode count by multiple orders of mag-
nitude while achieving task performance loss of less than 5%.
We also apply the proposed method to a three-fingered robotic
hand manipulating a previously unknown object. With no prior
knowledge, we achieve state-of-the-art closed-loop performance
within a few minutes of online learning, by collecting only a few
thousand environment samples.

Index Terms—hybrid control systems, model reduction, dex-
terous manipulation, model-based reinforcement learning, model
predictive control (MPC).

I. INTRODUCTION

Many robotic tasks, like legged locomotion or dexterous
manipulation, involve a robot frequently making and breaking
contact with the physical environment or/and objects. The rich-
contact behavior makes the robotic system multi-modular and
hybrid, characterized by a set of discrete contact modes and
continuous physical dynamics within each mode.

The hybrid nature of contact-rich robotic systems poses
great challenges in their representation and control. For data-
driven modeling, recent results have demonstrated that stan-
dard deep learning networks struggle to train on and represent
stiffness and multi-modality [1], [2], motivating the learning
frameworks explicitly designed to capture hybrid dynamics
[3], [4]. Similar challenges exist in planning and control of
contact-rich systems, where algorithms must jointly reason
over a combinatoric number of discrete contact choices and
continuous inputs of physical actuation. This process will
quickly become intractable as the number of potential hybrid
modes and planning depth grow. The above two aspects
become even more critical for real-time closed-loop control
of contact-rich robotic systems, where a compromise between
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computational tractability and task performance has to be
made [5].

Towards a goal of real-time planning and control of contact-
rich manipulation with tens of thousands of modes, we hy-
pothesize that identifying and utilizing a full hybrid dynamics
model is almost certainly unnecessary. Instead, one might ask:

Can a far simpler model, with only a few task-relevant
hybrid modes, enable the high performance and real-time
control for contact-rich manipulation?

Here, we propose to answer the question in the affirmative by
building upon recent progress in hybrid representation learning
[4] and real-time contact-rich planning and control [6], [7].

If one observes a multi-finger robot manipulating a cube for
a reorientation task, the task-critical contact interactions might
be dominated by a few modes: for example, all fingertips stick
to the cube, or one fingertip pushing or sliding while others
stick to the cube. While other modes might occur, they do so
briefly or in a functionally similar manner to another mode.
This observation inspires us to study the problem of learning
task-driven reduced-order hybrid models. On the technical
side, we have seen the recent progress in learning hybrid
representations [3], [4]. Particularly in our prior work [4], we
have developed an efficient method to learn a piecewise affine
system, represented as a linear complementarity system (LCS)
[detailed in Section III], with tens of thousands of hybrid
modes. We also note recent progress towards fast control
and planning of contact-rich robotic systems. For example, in
[6], the authors approximate nonlinear contact-rich dynamics
using LCS and develop LCS-based model predictive control,
achieving real-time control performance for a reasonably-sized
manipulation system.

Built on the above observation and the foundational prior
work, this paper aims to answer the above question theo-
retically and algorithmically. Our goal is to find a reduced-
order hybrid model, containing only a small number of task-
relevant modes, which is sufficient for high-performance, real-
time control of contact-rich manipulation tasks. We call the
problem ‘task-driven hybrid model reduction’. The primary
contributions of this work are:

(i) We study the problem of task-driven hybrid model re-
duction by formulating it as minimizing the task performance
gap between model predictive control (MPC) with the reduced-
order hybrid model and MPC with the full hybrid dynamics.
We show that the reduced-order model learning with on-policy
MPC data provably upper bounds the task performance gap,
leading to a simple iterative method to improve the reduced-
order model and MPC controller.

(ii)) We make use of our prior work of learning LCS [4],
and the recent development of real-time LCS-based control



on contact-rich systems, such as [6], to develop our practical
learning algorithm. The algorithm runs a real-time closed-
loop LCS model predictive controller on the complete hy-
brid dynamical system (environment), enabling improving the
reduced-order model and its closed-loop control performance.

(iii) In the first example, we demonstrate the capabilities
of the proposed method in reducing synthetic hybrid control
systems. We show that the proposed method enables reducing
the hybrid mode count by multiple orders of magnitude while
achieving a task performance loss of less than 5%. In the
second application, we use the proposed method to solve three-
finger robotic hand manipulation for unknown object reorien-
tation in simulation environment. With no prior knowledge, we
achieve state-of-the-art closed-loop performance within a few
minutes of online learning, by collecting only a few thousand
environment samples.

The following article is organized as follows. The related
work is reviewed in Section II. Section III gives preliminaries
and formulates the problem of task-driven hybrid mode reduc-
tion. Section IV presents the theoretical analysis and Section V
develops the algorithm. Section VI uses the proposed method
to solve model reduction on synthetic hybrid systems. Section
VII applies the proposed method to solve three-finger robotic
hand manipulation. Conclusions are drawn in Section VIII.

II. RELATED WORK

1) Learning Hybrid Dynamics Models: This work heavily
leverages the recent results in learning multi-modal dynamics
representations. Previous studies [1], [3] have shown that naive
neural networks fail to capture the discontinuity and stiffness
of physical systems. A prominent line of recent work focuses
on learning smoothing approximations by relaxing the hybrid
mode boundaries [8]-[12], though at the cost of some approx-
imation error. Instead of using smoothing approximation, this
paper considers learning explicit hybrid structures. We focus
on a simple yet expressive representation for hybrid systems:
continuous piecewise-affine (PWA) models. This is motivated
by the fact that many physics simulation engines [13]-[16]
locally use linear complementarity models (a compact form
of continuous PWA [17]) to handle physical contact events at
each simulation step. PWA models bring two benefits. First,
they are a well-studied subject in the control community [17]-
[19], which captures the multi-modality of a hybrid system,
by approximating dynamics using polyhedral partitions with
each assigned a mode-dependent linear model. Second, they
can be tractably incorporated into planning and control for
real-time performance due to recent progress in [6]. Although
continuous PWA models cannot capture the discontinuities
that arise from impulsive impact events, there is a large
range of manipulation tasks in which such events are not
prominent, thus we believe PWA models to be sufficient. Also,
we noted that a PWA model, via stiffness, can well capture the
discontinuity, as adopted by many physics simulation engines
[13]-[16].

Identifying PWA models is NP-hard in general [20]. Most
existing methods [21], [22] for PWA regression are clustering-
based: they alternate data classification and model regression

for each class. Those methods normally have a complexity that
scales exponentially with the number of data points or hybrid
modes. In this paper, learning PWA models is based on our
recent work [4]. Specifically, we write a PWA model com-
pactly as a linear complementarity system (LCS), via implicit
parameterization [17], and propose an implicit violation-based
loss that generalizes the physics-based method in ContactNets
[3]. The method does not need explicitly cluster data and can
handle tens of thousands of (potentially stiff) modes efficiently.
Recent results have proven a superior generalization of this
class of methods than explicit loss methods [2].

2) Fast Planning and Control on Multi-Contact Systems:
The success of the proposed method also relies on the re-
cent progress in real-time multi-contact planning and control.
Planning and control on multi-contact systems are notoriously
challenging, as the algorithms must decide when and where
to make or break contacts, whose complexity scales exponen-
tially to the number of potential contacts and planning horizon.
Traditionally, [23], [24] use the predefined sequence of mode
to achieve real-time control on legged locomotion [25] and ma-
nipulation [26]. To enable general-purpose fast multi-contact
control, [6] and [7] consider the LCS linearization of nonlinear
multi-contact robot dynamics. Specifically, in [7], the authors
smooth the stiff complementarity constraint and then apply the
interior-based method to approximate the solution sequentially.
In a different way, [6] maintains the hybrid structures and
proposes to decouple the combinatoric complexity from the
planning depth and then use the alternating direction method
of multipliers (ADMM) to solve the decoupled problem, which
can be done in parallel for further acceleration.

In this paper, we include a real-time LCS model predictive
controller as part of our learning algorithm for on-policy data
collection and closed-loop control. We use a direct method of
optimal control to formulate and solve the LCS MPC. This
was first proposed in [27]. In our implementation, we utilize
the state-of-the-art optimal control solver [28] for fast MPC.

3) Reinforcement Learning for Contact-Rich Manipulation:
Reinforcement learning (RL) has achieved impressive results
in contact-rich manipulation [29]-[31]. Some representative
work includes [31], where in-hand manipulation policies are
learned for object reorientation, and [30] for solving TriFinger
Manipulation. However, both methods use model-free RL,
requiring millions or even billions of environment samples
and many hours or even days of training. To alleviate sample
inefficiency, model-based RL has been used to robotic manip-
ulation by first learning a dynamics model to aid policy search
[29], though requiring a large amount of training data to fit an
unstructured deep neural network. Furthermore, control with
deep neural network models can be challenging. Commonly
used shooting-based methods [32] have a complexity expo-
nential to planning depth and system dimension [33].

In comparison with the work above, the emphasis of this
paper is on highly data-efficient hybrid model learning, paired
with real-time closed-loop control. Specifically, the tasks that
might require hours of data for unstructured learning methods
will be trained and completed in minutes.



4) Reduced-order Models for Multi-Contact Robotic Tasks:
The idea of using a reduced-order model for hybrid robotic
tasks has widely used in robot locomotion [34], [35] for
real-time generating behavior plans. However, these reduced-
order models are manually designed and may miss some key
dynamics aspects of the full-order dynamics [36]. To address
those challenges, recent results demonstrate the ability to
optimize for a reduced-order model that retains the capabilities
of the full-order robot dynamics [5]. In their paper, authors
focus on reducing the state dimension needed for planning,
while we focus here on the comparatively unexplored problem
of hybrid mode reduction. Recently, model-free RL has been
used to learn the unmodeled aspects of a reduced-order model
to improve locomotion performance [36]. Our method differs
from theirs in three aspects. First, their formulation does not
explicitly encourage the reduction of the performance gap of
the reduced-order model, while our formulation is to directly
minimize the performance gap. Second, our method is not
rooted in model-free RL, which can be data inefficient for our
setting, where true dynamics is originally unknown (thus pro-
hibiting sim-to-real transfer). Third, rather than using smooth
approximations, we directly identify a hybrid representation.

III. PRELIMINARIES AND PROBLEM FORMULATION

This section presents some preliminaries and formulates the
problem of task-driven hybrid model reduction.

A. Hybrid Models for Multi-contact Dynamics
Consider the following generic hybrid system:
X1 = Fi(Xp ur)  with  (X¢; u) 2 Py;

Pi=f(cu)j i(xcuy) Og;

Here, X¢ 2 R™ and uy 2 R™ are the system state and input at

time step t = 0;1;2;:::. 12 F1;2;:::; 19 is the index of the

system hybrid modes, and P; R"™ R™ denotes the domain

of the i-th mode, defined as a sublevel set of ;(;u). F; is
the dynamics model (vector field) in the i-th mode.

i2f1;2;:::;1¢: M

A subset of hybrid systems in (1) corresponds to comple-
mentarity systems, which have been widely used to describe
the multi-contact model of robot dynamics [14], [37], [38]:

M (@) Ve+1 Vi) = C(yVo)+Bug+  Ji(@)" e 2
i=1
with the i-th contact impulse
tarity constraint

0 it ?

i-t satisfying the complemen-

i) O

Here, (Q¢; Vi) is the generalized coordinate and velocity of a
robot system. Ut is the actuation impulse with input projec-
tion matrix B. M (Q,) is the inertia matrix, and C(qy; Vt)
includes all non-contact impulses resulting from gravity and
gyroscopic forces. .t is i-th contact impulse between the
robot and objects/environments, and Ji(q;) is its Jacobian
matrix. The complementarity constraint (3) means either the
contact impulse .t or the value of its distance-related func-
tion, i-t(d¢; Vis1; i:t), 1S zero, but both cannot be negative,

iit(de Ver1; i=1;2:00 (3)

i.e., contact interaction between robot and object/environment
cannot pull or penetrate into each other. Coulomb friction can
be similarly described (e.g. [14]).

Define X = [o;v]", =1 1; ;25 4]', and =
[ 1; 2;:; 1]7. One can abstractly write the multi-contact
dynamics (2)-(3) into the general form below, denoted as F(),

) =0;
t(Xe+1;Xe; U 1) O

F (Xt+1; Xt; Ug;
0 7

f0: )
Connecting (4) to (1), here the active or inactive constraints in

0 determine the domain of hybrid modes, and F and
jointly and implicitly determine the dynamics model of each
hybrid mode. A significant amount of recent work focuses
on identifying/learning the above complementary-based hybrid
dynamics, such as [2]-[4], [8], [11].

The above complementary-based hybrid dynamics () con-
tains all potential contact modes in the aggregated contact im-
pulse vector  and the corresponding distance vector function

. Thus, we call () the full-order hybrid dynamics.

B. Full-Order Model Predictive Control

We consider the model predictive control (MPC) with the
full-order hybrid dynamics F() in (4) for a given set of tasks:

™
umin J = c (X up) +h (x7) 5)

t=0
st Xee1 = F(Xe;Up); given Xo  p (Xo);

where T is the MPC horizon; () is the hybrid dynamics
model in (4); and J is a cost function for given tasks. Here,

is a general hyperparameter, indexing a set of robot tasks
of interest, subject to a known task distribution p( ). For
example, if the tasks of interest are that a robotic hand moving
an object to different target poses, can parameterize the set
of target poses of the object, subject to a given distribution
p( ) reflecting the frequency of appearance of target pose ;
if the tasks of interest contain different types of robot tasks,
such as inserting a peg, turning a crank, etc., can be the
task index, and p( ) could be a uniform distribution.

For notation simplicity, we write the system input and state

trajectory given input trajectory U and initial Xg is written as
n o

F(u;Xo) ;= X Xe+1=F(X¢; Up); given Xg and U @ (6)

The solution to (5) then can be compactly written as
f-MPC: uf(xe; ):=arg minJ  u; F(u;Xo) ;

Xo P (Xo); pC ): (7D

The full-order dynamics MPC in (7) is applied to the multi-
contact robot system F() in a closed-loop (receding) fashion.
Specifically, at rollout time step k = 1;2;3;:::, Xo in (7)
is set to the robot’s actual state: Xg = XI. After solving
uf(xI; ) = fug; G u$ 19 from (7), only the first input
ug is applied to the robot for execution and drive the robot
to the next state: XI+1 via XI+1 = f(x:; ug). Then, this



process repeats at the robot new state XI+1- The above MPC
leads to a closed-loop control policy: mapping from robot’s
current state XI to its control input U .

As indicated by the full-order dynamics () in (4), solving
the MPC in (7) requires reasoning over the sequence of contact
impulses f o; 1;:::; T 10 in addition to u and X. Its
combinatoric complexity is 27! (I = dim ). Despite recent
progress, particularly on modestly sized problems [6], [8],
[11], [19], a large number of potential contact interactions
(e.g., large 1) will make solving (7) intractable.

In this paper, we hypothesize that identifying and utilizing
a full-order dynamics F() for MPC in (7) is almost certainly
unnecessary, because far fewer modes are actually necessary
to accomplish many tasks. Thus, we will find a reduced-order
hybrid model proxy to replace () in (7), to enable real-time
control and sufficiently achieve high task performance.

C. Linear Complementarity Systems

To find a reduced-order hybrid representation for the full-
order hybrid dynamics () in (4), we consider piecewise
affine (PWA) models. This is motivated by the fact that
many physics simulation engines [13]-[16] locally use linear
complementarity models (a compact formation of continuous
PWA [17]) to handle physical contacts at each simulation step.
A PWA model can sufficiently describe multi-modality but is
tractable enough for planning and control tasks due to their
simple (affine) structures. As in our previous work [4], we
compactly represent PWA models as a linear complementarity
system (LCS), defined as g(),

Xt+1 = AXt +Bug+C +d

90 : , 8)

0 t?DX¢+Eut+F ¢+c O:
Here, the first line of (8) is the affine dynamics and the second
line is the complementarity equation. (A; B;C;d; D;E;F;c)
are system matrix parameters with compatible dimensions.
t 2 R" is the complementarity variable and solved from the
complementarity equation given (X¢; Ut). Depending on the
active or inactive inequalities in DXy + Eu¢+F ¢+c O
(corresponding to different partitions of the state-input space),
t 2 R" is a piecewise function of (X¢;U¢). By composing
with affine dynamics, X¢+1 is eventually a piecewise function
of (X¢; Ut), and each linear piece is a hybrid mode. Thus, the
maximum number of the hybrid modes the LCS in (8) can
represent is 29™ _ For any given (X¢;Ut), to guarantee the
existence and uniqueness of ¢ solved from the complemen-
tary equation, we impose the restriction that the symmetric
part of F be positive definite, FT + F 0 [39], [40]. This

property can be accomplished by parameterizing F as

F:=GG"+H HT; )

with G and H matrices with the same dimension as F.

As we will seek to learn a reduced-order LCS g(), we can
explicitly restrict the number of potential modes in g() by
setting the dimension of the complementary variable, dim
Compared to the full-order dynamics () in (4), g() has

dim <dim (10)

Note that, we do not expect a tight connection between in
g() and the physical contact impulse vector  in F(). Instead,

in g() here will represent general multi-modality, and while
we will later observe that  is empirically related to the contact
forces, it is not exactly the same.

D. Problem Formulation

We aim to find a reduced-order LCS model g() in (8) for
the given set of tasks J in (5), and establish the following
reduced-order g-MPC (using the notation convention in (7)):

g-MPC: u9(xq; ):= argmuinJ u; G(u; %) ;

p(C );

such that when running the reduced-order g-MPC on the full-
order robot dynamics F(), one can achieve a task performance
as similar to the task performance of running ¥-MPC on T()
as possible. Here, we also compactly write the state trajectory
of g() given u and Xg as
n o

X Xe+1=0(X¢; Up); given Xg and U : (12)

Xo P (Xo); (11

G(u; Xp) =

Therefore, the goal of task-driven reduced-order model learn-
ing is to find the reduced-order LCS g() which minimizes the
following rask performance gap:

L@):=E p()Ex p (xo) 3 U9 F(U% xo)

J U FUTx0) 5 (13)
where the first cost 3 u9; F(u9; Xg) is the task performance
of running reduced-order g-MPC on the robot system (), and
the second cost I u9; F(u9; Xg) is the task performance of
running full-order £-MPC on the robot system (). Here, u®
is the solution to the reduced-order g-MPC in (11) and uf is
the solution to the full-order ¥-MPC in (7).

We make the following remarks on the above problem
statement. First, the reduced-order LCS g() shares the same
dimensions of states and inputs as the full-order dynamics (),
but has far fewer hybrid modes by setting dim dim
Compared to F-MPC, the reduced-order g-MPC is more com-
putationally tractable for real-time implementation. Second,
the learning criterion (13) is to minimize the performance
gap between the reduced-order g-MPC and full-order ¥-MPC,
both MPC controllers running on the full-order dynamics (),
which is the original hybrid system. Thus, a minimal perfor-
mance gap means that one can confidently use the reduced-
order LCS g() to achieve the given tasks J , p( ).

Directly minimizing the task performance gap L(Qg) requires
access to and optimization with the full-order dynamics model
T (), because of the coupling between J () and F() in (13).
However, this is unlikely to be tractable as the full-order model
is both unknown and too complex to optimize with. In the
following section, we develop a method to approximately solve
(13) without requiring knowledge of the model ().



IV. THEORETICAL RESULTS

In this section, we will show that instead of directly solving
(13), one can minimize its upper bound. This will lead to
developing a method that is much easier to implement and only
requires samples (zero-order information) of F(). To start, we
pose a mild assumption about the Lipschitz continuity of task
cost function J (u; X) for any p( ).

Assumption 1. For any task sample p( ), the task
cost function J (U; X) is M -Lipschitz continuous, i.e., for any
z; 1= (U1;X1), Z2 1= (Uz; X2),

j‘Jr(Zl) Jr (ZZ)j

with KK denoting the 1, norm.

Mkz; zok (14)

The above assumption is mild, as the cost function is usually
defined manually and can easily satisfy this condition. With
Assumption 1, we have the following lemma stating the upper
bound of the task performance gap L(g) in (13):

Lemma 1. Suppose Assumption 1 holds. For any reduced-
order model g(), the following inequality holds:

L@@ ME 5 )yEx p o) GUx0) F(u9;xp)
+ G x0) F(uf;xo) (15)
Proof. See Appendix. A. O

Lemma 1 gives an upper bound for the task performance
gap L(g). Notably, this upper bound is the prediction error
between the reduced-order model g() and full-order dynamics
T() at their MPC solutions. Specifically, the first term on the

right side of (15) is the model prediction error on the dataset
n (0]

pC )

generated by the reduced-order g-MPC. The second term on
the right side of (15) is the model prediction error on

o
p(Xo); pC ) a7)

generated by the full model F-MPC. (15) says that as long as
the reduced-order model g() captures the full-order dynamics
T() at the MPC data D9 and DT, not necessarily at other
parts of data regime (task-irrelevant data), g-MPC can replace
Ff-MPC for the same task performance. Thus, Lemma 1
justifies the learning of a task-driven reduced-order model.

Although the F-MPC policy data DT in (17) is not directly
verifiable when F() is unknown, the next lemma will show the
g-MPC data D9 is related to DT, which thus can be verified
indirectly.

DY = u9%Xo; )jXo pP(Xo); (16)

n
Df = uf(xo; )jxo

Lemma 2. Suppose ¥xJ (U;X) is Li-Lipschitz continuous,
ruJ (U;X) is Lo-Lipschitz continuous, and KrxJ (u; X)K
My for any (U;X; ); kKruG(u; Xp)k My for any (U; Xo).
Then, the solutions D9 in (16) generated by g-MPC is also
an -accuracy stationary solution for ¥-MPC, i.e.,

ud; F(u9; xo) k

p( ) with

kiryJd (18)

for any Xo  p(Xo);

= MikryFu?;x9) ryG(u?;xo)k
+ (L2 + MgL1)kF(u9;%0)  G(u9; xo)k (19)

Proof. See Appendix B. O

Lemma 2 suggests the g-MPC data D9 in (16) can become
f-MPC data DT in (17), if the reduced-order model g() fits
well to the true F() in both zeroth and first orders, i.e.,

kF(U9;xg) G(u9;xg)k ¥ 0
kryF(u?;x9) ruyG@Uu9;xo)k ¥ 0

(20)
2L

Thus, one can indirectly verify (17) by additionally looking
at the first-order model precision error kKryF(u9;xp)
ruG(u?; Xo)k, where ry F(u9; Xg) can be estimated numer-
ically via mesh grid of D9.

Jointly looking at Lemma 1 and Lemma 2, one can conclude
that if we can find a reduced-order LCS g() such that it fits ()
well in both zeroth and first-order prediction on the g-MPC
data D9, as in (20) and (21), respectively, such g() is mini-
mizing the upper bound (15), thus eventually minimizing the
task performance gap L(Q) itself. Those theoretical insights
will guide us to develop algorithms in the next section.

V. PRACTICAL ALGORITHM

The technical analysis in the previous section says that to
minimize the upper bound (15) of the task performance gap,
one might fit a reduced-order model g() to full-order dynamics
T() well in both zeroth and first-order prediction using the
g-MPC policy data DY9. We take this as inspiration, though
we note that, for efficiency, we will minimize zeroth-order
error and will not check first-order criteria. Now, we develop
the task-driven hybrid-model reduction algorithm. Throughout
the following paper, g-MPC will be implemented in a closed-
loop (receding) fashion, i.e., the only first action of the MPC
solution is applied to the robot system F().

The building blocks of the task-driven hybrid model reduc-
tion algorithm are in Fig. 1. The learning process is iterative,
and each iteration includes the following three components.

Trust-region LCS model predictive controller: The latest
LCS g() is used in the MPC controller. Compared to (11),
we additionally introduce a trust region on the control inputs
in the reduced-order LCS MPC. This trust region may also
be adapted according to the latest Rollout Buffer with details
given in Section V-B.

Rollout Buffer: denoted as Dyyger= (XI; ugMre, XI 1) >
stores the current and history rollout data from running
the trust-region g-MPC controller on the robot (full-order
dynamics). The buffer can permit a maximum buffer size.

Learning reduce-order LCS: This is to train reduced-order

LCS g() using the data of the latest Rollout Buffer Dy,
Details of the training process is given in Section V-A.

A. Learning Reduced-Order LCS

We use the method of our recent work [41] to learn the LCS

g() from Rollout Buffer data Dygge, = (XI; UE'MPC; XI +1) -

This method enables efficient learning of a PWA model with



Learning reduced-order LCS

main Lyio (8, Dyyrer)
with the Violation-based loss:
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{¢k+—||ka+E 9-MPC 4 F +c—¢k|| )

A

Dbuffer W

Dbuffer = {(xi' u;lc] MPC’ x£+1)}

Trust-region calculation:

_ —MPC MPC —MPC
U = mean (uf u‘g ) ...,u‘Z ) )
MPC _ g—MPC —MPC
= std (ug ,ug ,...,u‘Z ) )
Rollout Buffer

Trust-region LCS g-MPC controller

X T-1
min thoc,;(xt,ut) + hy(xr)
LCS model
> st. x4 =Ax,+Bu,+CA, +d

0<A LDx,+Fu;+FA+c=0

»

TrusEregion u; € [u—nAu+nA] (trust region)
w,8) X =
0~ %k
7'y
g—-MPC f
b l Xk+1

Rollout with
LCS-MPC controller

<

f . g-MPC

(xk, u f

'xk+1)

f

~-MPC
Xh+1 )

— f 9
= f(xp uy
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Fig. 1: Components of task-driven hybrid model reduction algorithm. There are three main components: learning reduced-order LCS, Trust-
region LCS model predictive controller, and Rollout Buffer, each of which is detailed in the text.

up to thousands of hybrid modes and effectively handles the
stiff dynamics that arises from contact. For self-containment,
the method is described below.

By learning a LCS in (8), we mean to learn all its matrix
parameters, denoted as

:=TfA;B;C;d;D;E;F;cqg: (22)

In [41], we presented a new learning method, which learns
by minimizing the following violation-based loss

. — -MPC,
I—vio( ’ Dbuffer) - g

I—vio (Xk ’ Xk+1) (23)

with

g -MPC.
I—vio

(Xk ; Xk+1)

. f g-MPC f 2
min EkAxk + Bug +C x+d x K+

k

1

k

T

1
. k+2—ka‘|:+Eu§'M"C+F k+C (K2

In the above loss Ly, (X ud™Cxf, ), the first
and second terms are the v101at10n of the affine dynam-
ics and complementarity equations by a buffer data point
(Xk, uy MPC. » Xy +1) respectively. > 0, which empirically
takes its value from the range (10 3;1), is a hyperparameter
that balances the violation of these two terms. Here, 2 R' is
an introduced slack variable for the complementarity equation,
and > 0 can be any value as long as satisfying

min(FT + F) (i.e., the smallest singular value of the matrix
(FT + F)). Such a choice of ensures the strong convexity
of the quadratic objective L;, (Xk, udMpe, xk+1) in the
variable ( k; )

As theoretically shown in [41], the above LCS learning loss
Lyio( ; Doufrer) has the following properties. First, it can be
proved that the inner optimization over ( k; ) is a convex

quadratic program, thus can be efficiently solved in batch using
state-of-the-art solvers, e.g., OSQP [42]. Second, the gradient
of the violation-based loss Lyio( ;Dpuffer) With respect to
all matrices in can be analytically obtained using the
Envelope Theorem [43] (without differentiating through the
solution to the inner optimization). Third, by adding both the
affine dynamics violation and complementarity violation with
a balance weight , Ljo( ; Dypufrer) attains a better conditioned
loss landscape, enabling simultaneous identification of stiff
and multi-modal dynamics.

B. Trust-Region LCS Model Predictive Controller

With the reduced-order LCS g(), one can establish the
following trust-region reduced-order LCS-based MPC:

_ >
min ¢ (Xg;ug) +h (x7) pC )
Uo:T 1 t=0
subject to U¢ 2 [u u+ (24)
Xt+1 = AX¢ +Bug +C ¢+ d;
0 t?DX¢+Eut+F (+c O
Xo = X

Compared to the early g-MPC in (11), the difference here
is that we have enforced a trust region constraint U
Ug U+  on the control input U, t =0;1;:::;T 1. This
is due to the following reasons. As shown in Flg. 1, since g()
is trained on the current buffer data Dy, We expect g() is
likely valid only on the region covered by Dyygter, which we
refer to as the trust region. Thus, we constrain g-MPC in (24)
to this trust region, prohibiting the controller from attempting
to exploit model error and generating undesired controls.

The center U and size  of the trust region may be updated
along with the rollout buffer Dy, during each iteration. In
our algorithm, at i-th iteration, we simply set the trust region



center U; as the mean of all control input data in the current
Rollout Buffer Dbuffer;i, ie.,

ui = mean Fud™ ;i udMC g

uI™MC 2 Dyygrersi (25)

and the trust region size ; is set according to the standard
deviation of all input data in Dyygrer:j:

i std Fud™C i uIMG g

ud™C 2 Dyygrersi (26)

Here, i > 0 a hyperparameter of the trust region at the i-th
iteration, and mean() and std() are applied dimension-wise. It
is also possible that U; and ; are set using other rules, e.g.,
following the classic trust-region optimization [44].

To solve the LCS MPC in (24), we adopt the direct method
of trajectory optimization [27]. Specifically, the optimization
simultaneously searches over the trajectories Xo.T, Uo-T 1,

o.T 1 by treating the LCS and trust region as the separate
constraints imposed at each time step. We solve such nonlinear
optimization using CasADi [28] interface packed with IPOPT
solver [45]. In our later applications, as the reduced-order LCS
in (24) has a relatively small number of hybrid modes, e.g.,
dim 5 and a small MPC horizon T = 5, we can solve
(24) with a real-time MPC performance (e.g., MPC running
frequency can reach 50Hz).

We summarize the algorithm of task-driven hybrid model
reduction in Algorithm 1. Here, subscript i denotes the learn-
ing iteration. At initialization, the Rollout Buffer Dyyser-0 can
be filled with data collected from running random policies on
the robot ().

Algorithm 1: Task-driven hybrid model reduction

Initialization: Initial reduced-order LCS model g o
Initial Buffer Dyutrer;0 (by random policy);
Trust region parameter schedule f g

for i =0;1;2; do

/* Reduced-order model update */
Train reduced-order LCS g . with the data from current
Rollout Buffer Duurersi: 9 ;,, 0 , [Section V-A]
/* Set the trust region */
Set the trust region from the current Rollout Buffer
Dhutreri: [Ui i;Ui + ] [see (25) and (26)] ;

/* MPC rollout and update Buffer */
With the current LCS g | and current trust region
[ui i;Ui + ], run the trust-region LCS MPC
policy in (24) on the robot, collect new rollout data
(X UE'MPC; XI +1)9 and add it to Rollout Buffer:

Dhutrersi [ FOXL; ud™M %1, 1)

Dhuster;i+1
end

VI. MODEL REDUCTION FOR HYBRID CONTROL SYSTEMS

In this section, we will use the proposed method to solve
model reduction of synthetic hybrid systems of varying di-
mension. Examples are written in Python, available at https:
//github.com/wanxinjin/Task-Driven- Hybrid-Reduction.

A. Problem Setting
Consider the MPC of a general PWA system [19]

min J = ¢(X¢ Up) + h(XT)
Uo:T 1
Xo:T téo
2Xer1 = AjXe + Bjue + Cj; (X Up) 2 Pj;
s.t. FO >Pj =f(x;u)jDjx+Eju+h; Og;
Tj2fFL2;00000g;
Xo given:
27
Here, Pj, j 2 £1;2;:::; 19, is the j-th partition of the state-

input space, with dynamics X¢+1 = AjXy + Bjue + Cj. The
total number of hybrid modes of the above PWA system is I.
Solving (27) is generally treated as a mixed-integer program
with 1T possible mode sequences. This exponential scaling
quickly becomes computationally intractable as | and T grow.

In the following, we aim to find a reduced-order LCS model
0() which maintains a small budget of hybrid modes, such that
running g-MPC can achieve similar performance as running
the full-order ¥-MPC in (27). Here, the reduced-order LCS
g() in (8) has the same dimensions of X and U as F(), but we
set dim  such that its maximum number of hybrid modes of
g() is far less than F()’s, i.e., 291M l.

B. Experiment Settings

We consider the task of stabilizing the hybrid system to a
stationary state (zeros), and thus set the cost function J in (27)
as a quadratic cost function:

™
X{QX¢ + UfRUt + XT QrXT;
t=0

(28)

with all weight matrices being identities. We run both £-MPC
and g-MPC policies on full-order dynamics F() in a closed-
loop (receding) fashion, though noting that £-MPC cannot be
solved in real-time for our more complex examples. The initial
state Xg of the full-order dynamics F() is subject to a uniform
distribution Xo  U[ 4;4].

In Algorithm 1, the hyperparameters are listed in Table I.
An ablation study about how the hyperparameters influence
the performances will be given later in Section VI-D. For the
hyperparameter setting in learning LCS, please refer to our
previous paper [41].

TABLE I: Algorithm hyperparameters for model reduction of
synthetic hybrid control systems.

Parameter! Symbol  Value

MPC horizon T 5

Rollout horizon H 15 20

# of new rollouts added to buffer per iter. Ruew 5

Maximum buffer size Rpuffer 50 rollouts
Trust region hyperparameter i 20, 8i

Initial guess in (22) for g() 0 U[ 0:5;0:5]?

1 Other settings not listed here will be stated in text.
2U[ 0:5;0:5] means uniform distribution in range [ 0:5; 0:5].



(a) Phase portrait for F-MPC

(b) F-MPC vs. g-MPC at Iter. 0

X1 X1

(c) Phase for g-MPC at Iter. 24 (d) F-MPC vs. g-MPC at Iter. 24

Fig. 2: Phase portraits of the MPC-controlled full-order dynamics Xt+1 = F X¢; MPC(Xt) , where the controller Uy = MPC(X¢) can be
either full-order ¥-MPC or reduced-order g-MPC. (a) is the phase portrait for the F-MPC controller, where different colors indicate different
hybrid modes (42 modes here) in F(); (b) is the phase comparison between using F-MPC and g-MPC controllers at learning iteration 0; (c)
is the phase portrait for g-MPC controller at learning iteration 24, where different colors indicates different hybrid modes (4 modes here) in
g(); and (f) is the phase comparison between the F-MPC controller and g-MPC controller at learning iteration 24.

C. Results and Analysis

1) Illustration of Learning Progress: We randomly generate
full-order dynamics () in (27). Specifically, all matrices
(Aj:Bj;ci; Dy Ej hy), i = 1;2;:::; 1, are sampled from
uniform distributions, with dimension X 2 R? and u 2 R, and
mode count I 120 for random sampling of Xg U[ 4;4]
and u UJ[ 10;10]. In the reduced-order LCS g() in (8), we
take dim = 2, meaning that the maximum number of modes
in g() is 4, far fewer than | of the full-order dynamics.

We plot the learning progress (iteration) for the task-driven
reduced-order model g() in Fig. 2. Here, we show the phase
portraits of the MPC-controlled full-order dynamics:

Xev1 = F Xe;upe = F X¢; MPC(X¢) 29)
where the MPC controller Uy = MPC(X¢) can be either the
full-order ¥-MPC (27) or the learned reduced-order g-MPC.
Specifically, Fig. 2a shows the phase portrait of ¥-MPC con-
troller, where different colors show different hybrid modes in
T (). Fig. 2b shows the phase portrait comparisons between f-
MPC controller (blue) and g-MPC controller (orange) before
learning. Fig. 2¢ shows the phase portrait for g-MPC controller
after learning, where different modes in g-MPC are shown in
different colors. Fig. 2d compares the phase plot between -
MPC (blue) and g-MPC (orange) controllers after learning.
Although the full-order dynamics () has around 1 = 120
modes for random data X U[ 4;4] and u U[ 10;10],
Fig. 2a shows 42 hybrid modes in () with £-MPC controller.
One can notice that some modes correspond to a small portion
of the state space, e.g., and (near origin), and
thus, most of F’s task-relevant motion (flows) will not enter
into or quickly pass those modes. This makes those modes
less important for the task of minimizing (28). On the other
hand, some other modes account for a large portion of the
state space, such as cyan and gray. Most of F’s motion will
enter into or stay in those modes, making them dominant for
the minimizing the task cost (28). In Fig. 2c, after learning,
the reduced-order model g() has only 4 hybrid modes (re-
call dim = 2), which successfully capture the important
modes in Fig. 2a. Comparing the phase portrait of the full-
order F-MPC controller and that of the reduced-order g-MPC
controller in Fig. 2d, we see a similar control performance.

Thus, one can conclude that the proposed method learns a
task-driven reduced-order model for the hybrid system.

2) High Dimensional Examples: In this session, we quanti-
tatively analyze task-driven hybrid model reduction. For easy
comparison, we represent the full-order dynamics F() in (27)
also in LCS representation. All matrices in ¥ () are drawn from
uniform distribution. We use  to denote the complementarity
variable of F(). In the reduced-order LCS g(), we vary dim
to show the effect of varying degrees of mode reduction.

In Table II, we consider different full-order (), listed in the
second column, and different hybrid mode reduction, listed in
the third column. From the fourth to ninth columns, we use
the following metrics to report the learning performance.

Random Policy, number of modes in f: This is the total

number of the hybrid modes that are active in the full-order

dynamics F(), when one runs a random policy with input

u@d  U[ 10;10] and initial condition Xo  U[ 4;4].

This metric indicates all possible modes experienced by the

full-order system in a uniformly sampled state-input space.

Random Policy, ME(g)(%): This is the relative prediction
error of the learned reduced-order LCS model g() evaluated
on the above random policy data, defined as

kg (X, urand) f(X, urand) k2
kF (x; urand)k? + 10 ©

100%: (30)
g-MPC Policy, number of modes in F: This is the total
number of the hybrid modes that are active in the full-order
dynamics F() when one runs the learned reduced-order g-
MPC controller on it with initial condition Xo U[ 4;4]
This metric indicates all possible modes experienced by the
full-order system in the task-relevant state-input space.

g-MPC Policy, ME(Q)(%): This is the relative prediction
error of the learned reduced-order LCS g() evaluated at the
above g-MPC policy data, defined as

kg(x; ugMPC)  F(x; ugMPC)K2
KF(x; ugMPC)k2 + 10 6

As the proposed algorithm chooses to minimize the model

error, which is related to the performance gap as in Lemma

1. Thus it is meaningful to include this metric to show the
model error of the learned g() on the task-relevant data.

100%:

3D



TABLE II: Task-driven model reduction for hybrid control systems

Case chiyn?fairgion lc\j/ilr%de rlechjj(i:rion Random Policy g-MPC Policy L(g) (%)
' # of modes inf ME(g) (%) # of modes inf ME(g) (%) # of modes ing

1 dimx =6 dm =8 187.3 33.0% 18.4 0.5% 6.2 0.1%
dimu =2 I dim =3 14.0 13.9% 2.8 0.2% 1.2 0.1%

2 dim x =10 dim =12 1090:0 29.8% 29.9 1.0% 6.7 0.5%
dimu =3 I dim =3 133.2 13.0% 25 0.1% 1.0 0.2%

3 dim x =20 dim =15 2686.2 16.8% 50.0 2.1% 2.0 1.1%
dimu =3 I dm =1 197.3 5.7% 4.7 0.3% 0.0 0.5%

4 dim x =20 dim =15 2869.2 17.5% 52.3 1.9% 3.7 1.1%
dimu =3 I dim =2 165.0 6.5% 45 0.2% 0.4 0.4%

5 dim x =20 dm =15 2855.7 16.6% 50.1 1.9% 7.1 1.0%
dimu =3 I dm =3 193.2 4.6% 3.9 0.3% 0.7 0.4%

6 dim x =20 dim =15 2839.9 16.3% 54.3 1.8% 16.2 0.9%
dimu =3 I dim =5 172.9 4.6% 4.8 0.2% 33 0.2%

7 dim x =30 dm =15 3232.6 11.6% 70.7 2.3% 7.5 2.0%
dimu =3 I dim =3 219.1 4.7% 7.3 0.6% 0.6 0.7%

* Results for each case are based on 10 trials, and each trial uses a different randomly-generated full-order fdgnaftiesresults are reported
using mean and standard derivation over all ten trials. See detailed explanations about those quantities in text.

g-MPC Policy, number of modes ing: This is the total
number of hybrid modes that are active inside thimMPC

controller, which is run on the full-order dynamitg) with

initial system conditiorky  U[ 4;4].

Relative task performance gapL(g)(%): This is the
relative task performance gap(g)(%) is betweeng-MPC

controller andf -MPC controller:

_ J(g-MPC) J(f -MPC)
(@)= 3 (f -MPC)

whereJ (g-MPC) is the cost of a rollout by running-MPC
controller on the full-order dynamids(), namely,

100%  (32)

) _ f ..  g-MPCy. Fig. 3: An example rollout off () with full-order f -MPC controller
JOMPO=E p()B xo) © (XtiUg )i (33) o reduced-ordeg-MPC controller, corresponding to Case 7 in Table
t=0 Il. Speci cally, the left column is a single rollout of running -

; f ., 9-MPC : P _ MPC controller onf (), and the right runningy-MPC controller on
With fX gy i Uoy 9 .bellng arol!qut of running MPC con f (), both under the same initial condition. The upper row shows
troller onf (). The similar de nition applies td (f -MPC). e activation of or over time (black brick means nonzero and
Recall the original learning loss (13)(g)(%) can directly blank means zero). The bottom row shows the state trajextary =

indicate the performance of the learned reduced-order moflek:; MPC(x) over time, with each color representing a different
g() for the given task distributiop( ). hybrid mode. Note that since each panel only shows a single instance

) . of rollout (from a xed x o), there are not many active hybrid modes
The results in Table II clearly show a reliable performanc ¢ involved in a single trajectory.

of the proposed method. For example, in Case 5, the full-

orderf () hasx 2 R?® andu 2 R® has 2 R®'. With

a random policy run orf (), the number of active hybrid corresponding to Case 7 in Table I, a single instanck (p%&
modes inf () is around2:8k. The proposed algorithm learns aollout with the full-orderf -MPC controller and with the
task-driven reduced-order LGE) only with around7 modes reduced-ordeg-MPC controller are compared in Fig. 3. Based
(dim = 3). The resulting reduced-order-MPC controller on the results in Table Il, we have the following conclusions.
running on the full-ordef () only has around 1% performance (i) Jointly looking at the number of modesiinwith random
loss relative to running the full-orddr-MPC controller. The policy (fourth column), the number of modes insigeMIPC
relative prediction error of the learned reduced-order LO$licy (eighth column), and the relative performance gap (last
g() is less than2% on the on-policy §-MPC) data, while column), one can clearly see that the proposed algorithm can
is 16.6 % on the random policy data. Also, when run witmd a reduced-order model witiultiple orders of magnitude
g-MPC controller, full-orderf () has around 50 active modesfewer hybrid modethan the full-ordef (), and it can result in
Table II also shows that the proposed algorithm can handiesimilar MPC control performance as using full-order MPC
high-dimensional system, such as 2 R3. Additionally, policy, with a performance loss less thagb 3%.
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Fig. 4: Ablation study about the effect of hyperparameter values on the algorithm performance. We here use the performance metrics
On-policy ME in (31) and relative task performance dafg)(%) in (32) to report the algorithm performance. The experimenting system's
dimensions and other settings follow Case 1 in Table Il. Each result is reported based on ten trials, and each trial uses a different randomly-
generated full-order LC$ (), as stated in the previous session. The error bars represent the standard deviation across all trials.

(if) Comparison between the mode countd invith random codes to reproduce all the following results are available at
policy (fourth column) and that wittg-MPC policy (sixth https://github.com/wanxinjin/Task-Driven-Hybrid-Reduction.
column) can con rm the motivating hypothesis of this paper:

a much fewer hybrid modes are actually necessary to achigve Three-Finger Robotic Hand Manipulation

the task (here, the task is to minimize the given cost function ag jljustrated in Fig. 5, the three- nger robotic hand manip-
in (28)), and the vast majority of the hybrid modesfirwill  jation system includes three 3-DoF robotic ngers and a cube
remain untouched throughout the control process. with a table. The goal is to nd a control policy for the three

(iii) Notably, comparing the relative model error of thepgers to moves the cube to given target poses. The entire
learned reduced-order LC§) on random policy data (fth gimylation environment is based on MuJoCo physics engine

column) and only on thg-MPC policy data (seventh column),(13] This paper considers two speci ¢ tasks.
one can conclude that the learned reduced-order §(Sat-

tains higher validity on the task-relevant data. This suf ciently
shows the success of our task-driven hybrid model reduction.
All the above results and analysis clearly con rm that the
effectiveness and ef ciency of the proposed task-driven hybrid
model reduction method. Also, attention needs to be paid to
Cases 3-6. Here, under the same other conditions, we used an
increasingly complex reduced-order L@Sfrom dim =1

todim =35. The results show that increasing the hybrlS‘Eig. 5: Three- nger dexterous manipulation tasks. Left: the three

mode budget |rg_() can lead to a performance improvemeniyp i ngers need to turn a cube to a random target orientation,
although small, in the model accuracy (seventh column) agelen by a reference in the left corner. Right: the three ngers need to
the relative task performance gap (last column). move the cube to a target pose with random position and orientation,
given by the shaded reference. The simulation environment uses
MuJoCo physics engine [13].
D. Effect of Hyperparameter Settings
We conduct the ablation study to investigate the effect of hy- Cube Turning Task: As shown in the left panel of Fig.
perparameter settings in Table | on the algorithm performané&e.the cube has one degree of freedom (DoF) relative to the
We still use theDn-Policy ME(g)(%) in (31) and the relative table: it can only rotate around a xed vertical axis on the
task performance gap(g)(%) in (32) to report the results. table. There is friction between the cube and table and also
The dimensions of the full-order and reduced-order modél@mping in the joint of cube rotation. Three ngers need to
and other settings follows Case 1 in Table II. The results af&n the cube to any random target orientatidif®, sampled
in Fig. 4. The results show that the learning performance fi®m a uniform distribution:
guite robust ggainst a large range o_f hyperparameter va!ues = & Y[ 15 15] (radius) (34)
in Table I. Fig. 4c suggests that using a larger buffer size
would slightly lower the nal task performance gap, althougllfor visualization, the target is shown in the bottom left corner.
not much improving the accuracy of the reduced-order model.Cube Moving Task: As shown in the right panel of Fig. 5,
Fig. 4d indicates that the choice of the trust region parametbe cube has 6 DoFs relative to the table: it is a free object on
i does not signi cantly in uence the learning performancethe table. The three ngers need to move the cube to align it to
Overall, Fig. 4 suggests that setting algorithm hyperparametarsy random target pose = ( p%2; 9°2) on the table, where

is not dif cult in practice. p9a 2 R? (center of mass) is the cube's target xy-position
and 9% js the cube's target orientation angle on the table,
VII. THREE-FINGER DEXTEROUSMANIPULATION both sampled from uniform distribution

In this section, we will apply the proposed method to solve p%®  U[ Prax; Pmadi  Pmax = [0:06; 0:06] (m);

the three- ngered robotic hand manipulation [46]. The Python gwa Y[ 05 0:5] (rad: (35)
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The challenge of the above three- nger manipulation tasksherep( ) is (34) for the Cube Turning task and (35) for the
lies in that the system contains a large number of potenti@ube Moving task, and
contact interactions that need to reason about. For example, e 2 4 Wk goaly 2
(i) the contact interaction between each nger and the cube =WIKD ngertip  Poubdd” + WaKPeupe P

has three modes: separate, stick, and slip; (ii) each ngertip + WS( e 92 +0:01kuk?;

needs to reason which of cube faces to contact with; (iii) the —whk _ 2 4 whk goaly 2 (40)
contact interaction between the table and cube also contains 1KP ngertip  Peunek 2%Peuwpe P

at least three modes. Thus, the full-order dynamics, although + WH( cupe IO

unknown, contains an estimatédousandsof hybrid modes.
Further, it will become even more challenging if one aim

to perform real-time closed-loop control on the three- NGELontact between ngertips and cubép poalk? and
manipulation system to achieve the given tasks. cube

In this following, we will focus on solving the above three- #%%)? are the squared distance to the target position or
. 9, X ng orientation, respectively; an@01kuk? penalizes the control
nger manipulation tasks without any prior knowledge aboué st.w® = [wéws:ws]” andwh = [wh;wh:whT™ are the
. . . . = 1 W2, W3 = 1, W2, W3
the thrte_e- ngter r\?\/anlpllJllatlorp styr/]stem, e.g.,dgeortr;]et(;yi plhysmggst weights, whose values will be given later. An extended
Farglg-?jrril\(/aesr’l ?ezucg d\-lgr dZ?T_é S feo f:gglc-)tsi%e r:liseod-lo%pel\a/lrg cussion of different choices of the cost weights will be given
) ) . i1 later Section VII-E.
on the three- nger manipulation to accomplish the above tasks. ) ) )
Note that different from our application to synthetic hybrig TN€ other hyperparameters of Algorithm 1 are listed in the
systems in previous section, we here do not have a true hydgowing table, which largely follows the ones in Table |
modelf () (andf -MPC) for ground truth comparison. for the previous synthetic system examples (recall that the
discussion of the hyperparameter settings is in Section VI-D).

Here, the cost termip ,gerip Peundk? penalizes the distance
Between the ngertips and center of the cube, i.e. encouraging

B. Experiment Settings TABLE llI: Hyperparameters for three- nger manipulation

Before proceeding, we here clarify the state and input spaces; T —
in the reduced-order LCS modg() in (8) and de ne the cost _"2rameter Symbol  Value

functions for the above two manipulation tasks. Eﬂgﬁuﬁoﬁgﬁ;on L go
1) Reduced-Order LCS ModeWe select the state space 4 of new rollouts added to buffer per iter. Rnew 5
of the three- nger manipulation system as Maximum buffer size Rpuer 200 rollouts
- Trust region parameter i 1.0 8i
X = Peube cube P ngertip 2 R%: (36) Initial guess in (22) for g() 0 U[ 0:5;0:5]

. -, . 1 Other settings not listed here will be stated in text.
wherep ngeriip 2 RS is the xy positions of the three ngertips, 9

Pube 2 R? is the xy position (of center of mass) of the object,
and cupeis the planar orientation angle of the cube. The input
space of the three- nger manipulation system is C. Cube Turning Task

U= P ongerip 2 RS: (37) This session presents the results and analysis for solving

L . . . the Cube Turning manipulation task. In this task, we set cost
which includes the incremental position of each ngertip. We,, ~tion weights in (40) as

use operational space control (OSC) [47] in the lower level to

map fromu to the joint torque of each nger, also the OSC we= 100 00 20';

controller regularizes the z (vertical) position of each ngertip wh= 20 00 100" : (41)

to be constant. The OSC control frequency is 10 Hz. In the ' ) '

reduced-order LCS modej() in (8), we set The above weight values are not deliberately picked. In fact,

di -5 38 the performance is not sensitive to the choicemsfandw".
m- = (38) As will be discussed in Section VII-E, the similar learning and

for both manipulation tasks. This means that the reduced-ordi@sk performance permits a wide selection of weight values.
model can maximally represefit = 32 hybrid modes, which 1) Results: The key learning curves are shown in Fig. 6,
are far fewer than the estimated thousands of modes in the fufrere each curve is the average of ve random-seed trials
order dynamics of the three- nger manipulation system. Thand the shaded area indicates the standard deviation. In all
selection ofdim  will be discussed later in Section VII-E. panels, x-axis shows the total number of on-poligyMPC
2) Cost Functions:For given manipulation tasks, we carcontroller) rollouts of the environment, which is proportional
simply de ne a continuous cost function as the sum of thrd@ the learning iteration (i.e., each iteration collects 5 new
terms: (i) the distance of the object to the goal, (ii) contr@in-policy rollouts). Speci cally, Fig. 6a shows the relative
effort, and (iii) the distance of the actuated ngers to the objegrediction error of the reduced-order L@§) evaluated on the
(which is part of the state variable) to encourage the conta@f-policy rollout data, de ned in (31), wherg (x;u9™MPC)
Thus, we de ne the following quadratic cost functidn is a direct observation of the next state of the environment.
X T Fig. 6b shows the total cost of a rollout from runniggMiPC

1
J = o © (X¢;u) + h (x7); p( ) (39) controller on the environment, de ned in (33). Fig. 6¢ shows
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Fig. 6: Learning curves of the three- nger manipulation system for the Cube Turning task. Each curve is the average of ve random seeds,
and its shaded area shows the standard deviation. All results here are shown on an on-policy rollout basis, and each on-policy rollout is a
result of running the reduced-ordgfrMPC controller on the three- nger system (environment), i.e., the (unknown) full-dr@er Detailed
explanations are given in text.

the orientation cost of a rollout from runniggMPC controller (i) The proposed algorithm learns a reduced-order model
in the environment, de ned as to solve the three- nger manipulation of Cube Turning task
H without any prior knowledge within just 5 minutes of wall-
E p( 1B pxo) g ( cuper %ah2: (42) clock time, including real-time closed-loop control on the
. . o manipulation system. It only collects around 4k (200 rollouts
Fig. 6b and Fig. 6¢c show the very similar pattern because 5 steps/rollout) data points from the environment.

the grientation cost ternt cube i .dominates in (40) (i) The learned task-driven reduced-order L@8 leads
relative to other cost terms in scale. Fig. 6d shows the tryst, closed-loop MPC controller on the three- nger manipu-

region upper bo_unt;i: * anld_ lower bound for the lation system, achieving a high accuracy: the cube terminal
rst componen'F |n.t e control input vector. .. orientation errof cypen 903} < 0:08 (rad) and the relative
Some quantitative results that are not have shown in Fig. 6 goal) 2

are given in Table IV. In the second row of Table 1V, the cube'g”?_r_]tat'on error. CUb(eHg"a')z k< 5(_)/0‘ )

terminal orientation errof e 9°% is calculated at the (i) The learned LCSy() results in ag-MPC, which enables
end (at time stej ) of a rollout. In the last row of Table IV, real-time closgd—loop control on the three— nger manipulation
we report the robustness of tgeMPC controller against exter- SyStem to achieve the task. The running frequency-PC
nal disturbance torques added to the cube dugingPC pol- 1S more tharb0Hz.

icy rollout. Here, we apply a 3D external disturbance torque, (V) The learned reduced-order L@) maximally contains

sampled from gigun  U[ 129 - M9 1 during each time 32 modes, and around 14 of them are active. Those 14 hybrid

interval (0:1s) of rollout steps. We increase the disturbanc®0des enables rich contact interactions, includiegarate
magnitude 129 until the resultingg-MPC rollout has an Stick , andslip between the ngertips and the cube, and
average cube terminal orientation erjogupet goaj 0.3 st_lck , CCW rotational slip , andCW rota_monal _
(rad). We report the result by calculating the maximum angulghP  between the cube and the table, happening at different

acceleration of disturbancessi®, with | e the cube inertia. tlme. step;. More than 70% of rollouts contam; the sequence
cube of stick-slip-separate modes. More detailed explana-

TABLE IV: Performance of learned-MPC for Cube Turning tions will be given in the next session. ,

(v) The reduced-ordey-MPC controller shows high robust-
Results Value ness against large external torque disturbances. The robustness
Total number of hybrid modes ig-MPC (around) 14 is a natural benet of the closed-loop implementationgef

Cube terminal orientation errgr quen waj 006 0.02 (rad) MPC controller. Such a high robust performance could also

2 i i i ini -
Terminal error (relative) ““bf“goa)zgua) 3.4%  2.3% partially due to the high stiffness gain in our lower-level OSC.
Total training time of the algorithin 4:1  0:1 mins . 2) Analy_SIS of _RedUCEd'Order Hybrid Modelsm this ses-
Total # of environment samples in training aK sion, we will detail how the learned task-driven reduced-order
Running frequency of reduced-ordgfMPCL > 50 Hz LCS g() ena_lb_les 'Fhe three- nger sy_stem to reason about the
. , ,  contact decision in the Cube Tuning task. In each row of
% of stick-slip-separate modes in rollouts (approx.)y 0%

g Fig. 7, given a random target orientation, we show the rollout
Maximum 3582 until j ¢ pen goaf  :3 5000 rad/3 trajectories (left) and key-time-step snapshots (right) of the
1 The experiments are tested on MacBook Pro with M1 Pro chip. three- nger manipulatiop environment by running the learned
2 This is approximately calculated by observing the environment rollout§-MPC. The rollout horizorH = 20.
with the learned reduced-ordgrMPC. Specically, in Fig. 7a and 7b, the target orientation is
goal = 1:29 (rad), shown by a reference at the lower left
Fig. 6 and Table IV show the ef ciency of the proposeatorner. The upper panel in Fig. 7a shows the mode activation
method to successfully solve the three- nger dexterous maf each dimension of in g-MPC. Here, the black bricks mean
nipulation for the Cube Turning task. Particularly, we have > 0, and blank means = 0. For exposition simplicity, we
the following conclusions. usesign ( ) to denote the mode activation. For example, at




13

() (b)

©) (d)

Fig. 7: Two rollouts of running the learned reduced-orgeMPC controller on the three- nger system. (a) and (b): the target orientation

is 98 = 1:29 (rad). (c) and (d): %°® = 0:148 The upper panel of (a) or (c) shows the mode activasigm ( ) in g() over rollout

time. Here, black bricks show > 0 and blank = 0. The bottom panel of (a) or (c) shows the trajectory of cube anglg.:, where

different mode activation are indicated by different colors. (b) or (d) shows the key-time-step snapshots of the simulator, corresponding to (a)
or (c), respectively. Here, the upper panels show the environment snapshots, and lower panels show the zoom-in details. Analysis are given
in text and Tables V and VI. Note that in (b) and (d) we have attached a green-red body coordinate frame to the cube only for visualization
purposes (i.e., the coordinate frame does not affect the physical contact interaction).

TABLE V: Empirical correspondence between LCS mode activation in Fig. 7a and physical contact interaction in Fig.7b.

Time t Mode activation in g() Interaction between ngertips and cubet Interaction between cube and tablé
t=0;1:8 sign ()=[0;0,0;%;01 (G, B(F;é[%ra?e segzsgaée tOl).I(?f:ing ) Clg)\lev Srgf;tié?]a}agllif) x
t=9 sign ( )=[0;1;1;1;0]" G separate andR, B touching CW rotational slip

t =10 sign ( )=[0;0;1;1;0]" R right slip andG separate andB stick CW rotational slip

t=11;::14 sign ( )=[1;1;1;2;0] R, G, B touching CW rotational slip
t=15;:20 sign ( )=[1;0;1;1;0] G touching andR, B separate CW rotational slip

1°R"red nger, 'B"red nger, ‘G ’green nger', "CW' clockwise', "CCW'": counter-clockwise'.

time stept = 9 is sign ( o) = [0;1;1;1;0]". The bottom rotation closewise, and nally separates from the cube at step
panel in Fig. 7a shows the cube's orientation angle trajectofys. The green ngertip begins touching the cube at time step
where the segments of different colors show different modd, and continue pushing the cube until the end of the rollout.
activation. The upper row in Fig. 7b shows the snapshots Bf connecting Fig. 7a and 7b, we can observe the empirical
the simulator at some key time steps of the same rollout, acdrrespondence betwegl)'s mode activation in Fig. 7a and
the lower row gives the zoom-in details. Physically, the regghysical interaction in Fig.7b, listed in Table V.

ngertip begins touching the cube at time step 7, pushes the|n Fig. 7¢ and 7d, the target orientation i§°¥ = 0:148
cube to rotate clockwise during steps 7-14 (during this perigghd). Similar to the above description, Table VI gives the
it also slips on the surface of the cube), and then separagggpirical correspondence between the mode activation in Fig.
from the cube at time step 15. The blue ngertip begingc and physical contact interaction in Fig. 7d. Table VI shows
touching the cube at time step 9, then pushes the cubeatghore interesting connection between the mode activation in
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TABLE VI: Empirical correspondence between LCS mode activation in Fig. 7c and physical contact interaction in Fig.7d.

Time t Mode activation in g() Interaction between ngertips and cube!  Interaction between cube and tablé
. Cube stick to table or
—N-1- — -0 0 0017
t=0;1;2 sign ( ) =[0;0;0;0;0] R, G, B separate CCW rotation slip
A ian . e (T (R separate andG, B touching ) ) .
t=3;13;18 sign ( )=1[1;0;0;0;0] orR, G, B touching CCW rotational slip (large)
t=4;6;8;9;11, 15;16 sign ( )=[1;1;0;0;0]" R, G, B touching CCW rotational slip (small)
t=5;7;10;12;14;17;19 sign ( )=[0;1;0;0;0] R, G, B touching CW rotational slip

@) (b) (© (d)

Fig. 8: Learning curves of the three- nger manipulation system for the Cube Moving task. Each curve is the average of ve random seeds,
and its shaded area shows the standard deviation. All results here are shown on an on-policy rollout basis, and each on-policy rollout is a
result of running the reduced-ordgrMPC controller on the three- nger system (environment), i.e., the (unknown) full-dr@erDetailed
explanations are given in text.

g() and the physical contact. From the bottom panel of Fifp. Cube Moving Task

/¢, we see the three ngers turns the cube to the target at timery,;g. geggjon presents the results and analysis of using the

step 5, and frqm that on, it slightly s_hakes t_he cube arou goposed method to solve the Cube Moving task. In this task,
the target. This makes the contact interaction between 8 set weights in (40) as

cube and table also change alternatively, i.e., betweeC¥e

rotational slip and CCW rotational slip . This wt= 120 2000 02" :
alternative physical interactions have been captured in the up- W T
per panel of Fig. 7c, where the mode activation from time step w?= 60 2000 10 :

5 also changes alternatively. This clearly shows the connege above weight values are not deliberately picked. In fact,
tions between mode in the reduced-order Lgtsand physical the performance is not sensitive to the choicensfandw".
contacts. For example, the mosign ( ) =[0;1;0;0;0]' is  As will be discussed in Section VII-E, the similar learning and
for the cubeCW rotational slip (blue segments), while task performance permits a wide selection of weight values.
sign ( ¢)=[1;1,0;0;0]" andsign ( {)=[1;0;0;0;0] are

for CCW rotational slip (green and purple segments) TABLE VII: Performance of learned-MPC for Cube Moving

(43)

From Tables V and VI, we have the following comments. Results Value (mean+std)
Total number of hybrid modes ig-MPC 15
(i) The learned LCSg() can approximately capture the Terminal position errokpepey Pk 00076 0.0010 (m)
. . . . . oal

hybrid nature of the physical system. Since we limit the max-Terminal position error (reL%,Efik 3.8% 1.3%
imum mode count irg() to 32, some physical contact interac- _ o _ oal
tions share the same mode activatiorsigh ( ). For exam-  'cminal orientation ermoy cuerr % 0.065 0.021 (rad)
ple, in Table V, the modsign ( ) =[0;0;0;1;0] captures o training time - 46 04(mins)
two interactions between the cube and ngertip®; (G, B Total # of environment samples in training 4k
separate ) and G, B separate andR touching ). Running frequency o§-MPC controller > 30 Hz

mag
Max. % until Kpeypey  P9%  0:01 0.9 m/€

(ii) Note that Tables V and VI come from empirical obser-
vation. For contact interactions that are very similar in human
eyes, there could exist unnoticeable physical differences, lead1) Results:Similar to the previous session, we present the
ing to different modes ig(). For example, in Table VICCW learning curves of the three- nger manipulation system in Fig.
rotational slip (large) corresponds tgign ( )= 8, and list the key results in Table VII. Each result is the
[1,0;0;0;0]", while CCW rotational slip (small) average of ve random seeds. Speci cally, Fig. 8a shows the
to sign ( ) = [1;1;0;0;0]". There is no tight connection relative model error of the learned LQff) evaluated on the
from the mode ofy() to physical phenomena. g-MPC policy data, de ned in (31). Fig. 8b shows the total
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Fig. 9: One rollout by running the learned reduced-ordeMPC on the three- nger manipulation system for the Cube Moving task. (a)
shows the mode activation ig() (rst panel), the trajectory of the cube xy position (second panel), the trajectory of the cube angle (third
panel), and the trajectories of all three ngertip xy positions (fourth panel), over the duration of the rollout. Here, in the model activation
panel, black brick indicate; > 0 and blank ; = 0. In the trajectory panels, the segments are colored differently, corresponding to different
mode activation. (b) shows the snapshots of the environment at key time stepsgeMRE rollout. Here, the upper row of (b) shows the
whole environment, and the lower row show the zoom-in details. Explanations and analysis are given in Section VII-D2 and Table VIIL.

cost of a rollout with theg-MPC controller, de ned in (33).  (ii) The learned reduced-order LC&) only permits 32

Fig. 8c shows the position cost of a rollout with tgeMPC modes (among them 15 are used for the task), which is much

controller, de ned as fewer than the estimated number of hybrid modes in full-order
X dynamics, which could be thousands.

—o KPeubet p%k?:  (44) (i) The reduced-ordeg-MPC controller shows robustness

) ) _ ) against large external wrench disturbances. This is an advan-
Fig. 8d shows the orientation cost (42) of a rollout with the tage of using the closed-logp-MPC controller.
MPC controller. Table VII lists some key quantitative results.
Here, the cube's terminal position errepgpey P9k and 2) Analysis of Reduced-Order Hybrid Modésig. 9 shows
terminal orientation errof cupenr 9°%j are calculated at the one rollout of running the learned-MPC on the three-
end (time stegH ) of a rollout. In the last row of Table VII, we nger manipulation system (the environment). Fig. 9a plots the
test the robustness of the closed-lapMPC controller against trajectory of mode activation ig() ( rst panel), the trajectory
the external disturbance forces added to the cube during Gfsthe cube position (second panel), the trajectory of the
motion. Here, we apply an external disturbance wrench (3mibe orientation angle (third panel), and the trajectories of xy
torque and 3D forces), sampled frold[ Wjco . Waaen,  Position of three ngertips (fourth panel), over the duration
during each time interval0{1s) of the rollout steps. We of rollout. All trajectories are colored differently for different
increase the disturbance magnitudgay, until the resulting mode activation ing(). Fig. 9b shows the snapshots of the
g-MPC rollout has an average cube terminal position erréfnvironment at some key time steps of the rollout. As done
KPcuber paeak 0:01 (m). We report the result usingin the previous task, Table VIII lists the empirical connection

Wired =Mcupe With Meype the cube mass. Based on the resulisetween mode activation ig-MPC in Fig. 9a and physical

in IS:tlug;b 8 and Table VII, we have the following conclusions. contact interaction in Fig. 9b.

(i) Without any prior knowledge, the proposed method Results in Fig. 9 and Table VIII show rich contact in-
learns a reduced-order LCS and successfully solves the Cidctions in the Cube Moving task. Different hybrid mode
Moving manipulation task within 5 minutes of wall-clockof g() can approximately capture different contact interac-
time. The reduced-order modgl) leads to a real-timey- tions during rollout. Those interactions includeparate |,
MPC controller with running frequency 30 Hz. The method stick , and slip  between ngertips and cubestick
requires collecting less than 4k data points (175 rollou80 CCW rotational slip , and CW rotational slip

steps/rollout) from the environment. between cube and table, a®l contacting G  between

E v )Bxp o) |



